Using an atomistic pseudopotential approach, we study how the shape of the dot (spherical vs lens shaped) affects the position-dependent strain and the electronic properties of tensile ͑InAs/ InSb͒ and compressive ͑InAs/ GaAs͒ quantum dots. We compare the strain profiles, strained modified band offsets, confined levels, and atomistic wave functions of these dots. We show (i) how the existence of position-dependent strain in nonflat heterostructures can control the electronic properties, leading, for example, to interfacial localization of hole states on the interface of matrix-embedded dots and (ii) how the dots shape can control the level sequence and degeneracy. For example in spherical dots, one finds degenerate light-hole (LH) and heavy-hole (HH) states, whereas in lens-shaped dots one can have as the highest-occupied hole state either (a) a LH state inside the dot, becoming a HH state outside the dot ͑InAs/ InSb tensile case) or (b) a HH state inside the dot, becoming a LH states outside the dot (InAs/ GaAs compressive case).
I. INTRODUCTION
Semiconductor heterostructures 1, 2 are often constructed from lattice-mismatched components (Si/ Ge, InAs/ GaAs, InAs/ InSb). This leads, in general, to the creation of both isotropic (hydrostaticlike) strain I = ⑀ xx + ⑀ yy + ⑀ zz , as well as biaxial strain B = ͓͑⑀ xx − ⑀ yy ͒ 2 + ͑⑀ yy − ⑀ zz ͒ 2 + ͑⑀ zz − ⑀ xx ͒ 2 ͔ 1/2 , where ⑀ ␣␤ are the ␣␤-th components of the cubic strain tensor. Whereas such strain can limit the film thickness and planarity, it can also be used advantageously to engineer certain strain-induced electronic properties such as band gaps and subband splittings. In flat heterostructures, such as quantum wells or superlattices, 1,2 both I and B are position independent. Recent advances in the growth of "self-assembled" systems 3 have now made possible the fabrication of nonflat heterostructures, such as zero-dimensional quantum dots (QD's), in which a dot of one material is coherently strained in a matrix of another material. It turns out 4 that in such nonflat heterostructures the biaxial strain is a function of position, decaying with distance away from the interface. Such a behavior can modify the confining potential, leading to carrier localization. 5, 6 In the following, we show that biaxial strain (a) controls the heavy-hole (HH), light-hole (LH) degeneracy, (b) reverses the order of the HH and LH potentials inside and outside the dots, and (c) leads to interfacial hole localization.
II. SYSTEM STUDIED AND METHOD
We consider a case of a dot under tensile strain (InAs in InSb) as well as a dot under compressive strain (InAs in GaAs). Whereas tensile dots are not as popular as compressed dots, 3 the former can be grown in the StranskiKrastanov (SK) mode as demonstrated 7 for PbSe-in-PbTe. We have considered for both systems spherical shape (obtained regularly in colloidal growth, 8, 9 albeit unstrained), and lens shape (obtained regularly in SK growth 3 ). Although spherical dots cannot be grown in SK mode, it is very instructive to compare them with lens-shaped dots to gain better understandings of the shape effect. In all cases, we relax the strain using atomistic elasticity, minimizing the strain energy as a function of the coordinates of all the atoms, and representing the energy in terms of bond-bending and bondstretching springs (the valence force field, or VFF model 10 ). Once we find the relaxed positions ͕R i,␣ ͖ of all ͑dot + matrix͒ atoms of type ␣ at site i, we calculate the total electron-ion potential V͑r͒ = V SO + ͚ i ͚ ␣ v ␣ ͑r − R i,␣ ͒ as a superposition of local screened atomic pseudopotential v ␣ ͑r͒, and the total (nonlocal) spin-orbit (SO) potential V SO . Our atomistic pseudopotentials 11, 12 are fitted to all the physically important properties of the materials, including band energies at high-symmetry points, effective masses, strained band offsets, and hydrostatic and biaxial deformation potentials of individual band edges. The Hamiltonian −1 / 2ٌ 2 + V͑r͒ is diagonalized in a basis ͕ n,⑀ J ͑͒ ͑k͖͒ of Bloch orbitals of band index n and wave vector k of material (=InAs, InSb, GaAs), strained uniformly to strain ⑀ J. For the InAs/ InSb dots we used a basis set of n = 8 bands (including spin) for each material on a 7 ϫ 7 ϫ 7 k-point mesh around the ⌫ point. For the (unstrained) matrix material InSb, we generated these Bloch functions at ⑀ J= 0, whereas for the strained dot material (InAs) we use the average ⑀ J value obtained from VFF atomistic relaxation. For the InAs/ GaAs, we use n = 6 for the hole states, and n = 2 for electron states on a 6 ϫ 6 ϫ 12 k mesh. Again, we use ⑀ J= 0 for the (unstrained) GaAs matrix material, and an average ⑀ J value from VFF for the strained dot material (InAs). This approach of linear combination of Bulk Bands (LCBB) 13 produces accurate results relative to an ordinary plane-wave basis at a fraction of the cost, and greatly surpasses 14, 15 in accuracy the k · p method 3 which limits the basis to n = VBM+ CBM at k = 0 only and lacks atomistic symmetry. 16 The pseudopotential used for the InAs/ GaAs dots are identical to those used in Ref. 11 , whereas for the InAs/ InSb dots the potentials of Ref. 12 are used with a minor modification. 17 Table I summarizes our calculated strain profiles and confining potentials. We will refer to this tables as a guide for the remainder of this paper.
III. RESULTS
A. Strain profile Figure 1 shows the strain profile of an embedded sphere, whereas Fig. 2 shows the corresponding strain for an embedded lens. As summarized in Table I , we see that (i) both sphere and lens-shaped dots have nonzero (and nearly constant) isotropic ͑I͒ strain inside the dot which rapidly decays to zero outside the dot. Naturally, tensile dots have I Ͼ 0, whereas compressed dots have I Ͻ 0. (ii) The biaxial strain ͑B͒ decays slowly to zero outside the dot. (iii) Spherical dots have B = 0 inside the dot, whereas lens-shaped dots have B 0 inside the dot. The biaxial strain is positive in both tensile and compressive dots. The top left panel of Fig. 3 shows 3D rendering of the biaxial strain on the equatorial plane of the sphere and 1.5 nm above the base of the lens, better illustrating the angular dependence of the biaxial strain. Interestingly the biaxial strain has a nontrivial angular dependence. For the sphere, four maxima of B are seen along the [100] and [010] directions, and minima along the [110] and ͓110͔ directions. This anisotropy is due to the underlying zinc blende lattice of the nanostructure and is missed by isotropic continuum elasticity. For the lens, no such maxima can be seen and the most prominant feature is a plateau throughout the lens that shows a large, almost constant, biaxial strain inside the dot.
Our forgoing results were obtained using atomistic elasticity (i.e., VFF). If, however, we restrict ourselves to isotropic continuum elasticity, the results for spherical dots can be derived analytically. 3 Given the dot radius 0 , Poisson's ratio v and lattice mismatch ⑀ 0 , and using spherical coordinates ͑ , , ͒, we have the following (following Ref. 3 ). 
Here, ⑀ 0 is the relative lattice mismatch, and v = C 12 / ͑C 11 + C 12 ͒. For InSb the elastic constants are 18 C 11 = 685 GPa and C 12 = 374 GPa. The isotropic part of the strain is
and biaxial part of strain is
Outside the sphere,
where 0 is the radius of the sphere. The isotropic part of the strain is I = 0, and the biaxial part is given by (5) can be tentatively used to estimate the strain profile outside the lens-shaped quantum dots in growth direction [001], whereas the lens is treated as a truncation from a sphere with effective radius 0 = ͑4h 2 + D 2 ͒ /8h, and here D and h are the diameter and height of the lens, respectively. For flat dots with large effective radius 0 one should expect a larger decay length of the biaxial strain in the barrier along the [001] growth direction. This is clearly seen when comparing the biaxial strain of a lens with a small effective radius of 6.5 nm Fig. 2(d) ] cannot be accounted for by the analytic formula in Eq. (5) that gives a similar magnitude of B, since both systems have similar ͉⑀ 0 ͉. It is, however, expected that a flat dot will have smaller biaxial strain at the interface than a tall dot of the same material. In the limiting case of a thin film (infinite effective radius) embedded in a infinite barrier, the biaxial strain must be exactly zero in the barrier material. Figure 4 shows the strain-modified confining potentials for LH, HH, SO (split off), and the electron ͑e1͒ bands for an embedded sphere, whereas Fig. 5 shows analogous results for an embedded lens. To obtain Figs. 4 and 5 we have used the simplified model of Pikus and Bir 19 to account for strain effects. This model is, however, not used in our actual calculation of the single particle eigenstates, but serves only as illustration of strain effects. We followed the notation of Ref. 20 , in which the model is written in real space. For the conduction band, the Hamiltonian is simply
B. Strain-modified potentials
where a c is the hydrostatic deformation potential of the conduction band and I is the isotropic strain. For valence bands (with spin-orbit coupling), the model Hamiltonian is Table I ) are as follows.
The effect of isotropic strain on potentials
The isotropic strain (Figs. 1 and 2 ) has the same effect on the potential (Figs. 4 and 5 ) of spherical and lens-shaped dots: namely, for tensile dots ͑InAs/ InSb͒, the potential of InAs V CBM and V VBM are both lowered, but the InAs CBM is lowered faster, leading to an overall reduction of the gap, whereas for compressive dots ͑InAs/ GaAs͒ the potential of InAs V CBM and V VBM are both raised, but the InAs CBM is raised faster, leading to an overall increase of the gap.
The effect of biaxial strain on potentials
The biaxial strain B (Figs. 1 and 2 ) of spherical and lensshaped dots is reflected in the potentials.
(a) For spherical dots, B is zero inside the sphere and therefore V LH = V HH leading to degenerate HH and LH states, no matter how large the mismatch strain is. Outside the dots, B 0, leading to the splitting of HH and LH states. It should be noted, that although the biaxial strain B is identical in the [001], [100], and [010] directions, the HH and LH character of the bands is different for each of these directions. This is intrinsic to the choice one has to make when defining the basis states HH, LH, and SO. In this paper, we choose the [001] direction as z axis and restrict our discussion of HH/LH characters along this axis unless indicated otherwise. Along the [001] direction, we find for tensile strain V HH Ͼ V LH (i.e., holes prefer the HH state) outside the sphere, while for compressive strain V HH Ͻ V LH (i.e., holes prefer LH state). Along any other direction than [001], the confining potentials have mixed HH and LH characters. In Fig. 3 the confining potentials of the first conduction band CB and the (b) For lens-shaped dots, B 0 even inside the nanostructure and therefore V HH V LH leading to a splitting of the HH and LH states and the reversal of their order inside and outside the dot. This is seen clearly for example for lens-shaped tensile ͑InAs/ InSb͒ dot in Fig. 6 , which decomposes each confining potential along the [001] direction into HH, LH, SO character. We see that the hole states have distinct (although somewhat mixed) confining potentials: in tensile dots the first hole confining potential is LH inside the dot and HH outside the dot, whereas the second hole potential is just the reverse (HH inside the dot and LH outside the dot); in compressive dots (not shown), the first hole potential is HH inside and LH outside, whereas the second hole potential is LH inside and HH outside. The third hole potential is SO both inside and outside in all cases. The HH, LH splitting has opposite sign in the tensile ͑InAs/ InSb͒ and the compressive ͑InAs/ GaAs͒ case due to the sign difference in the ⑀ zz − ⑀ xx [Eq. (8) Fig. 3 the confining potentials of the first conduction band CB and the first three valence bands VB1, VB2, and VB3 are given for a plane 1.5 nm above the base of a lens shaped dot with 25 nm base and 3.5 nm height. The first valence band resembles again (as in the sphere) the biaxial strain with a significant plateau inside the nanostructure. potentials raising one up (HH in InSb and LH in GaAs, along the [001] direction) to reach a maximum value at the interface in the ͗100͘ directions. If this potential maximum is energetically higher than the hole confining potential inside the dots and has sufficient extent in real space, the holes will then prefer to localize in these "pockets."
(b) Lens-shaped dots: The same features as observed for the spheres can be seen for the lens-shaped tensile InAs/ InSb dots [Figs. 5(a) and 5(b)] where possible hole localization is marked as solid circles. However, unlike the case in spherical dots, no "hole trap" is observed in a lensshaped InAs/ GaAs dots of 25 nm base and 3.5 nm height (right panels of Fig. 3) . The difference between spherical and lens-shaped InAs/ GaAs QD's is that, in spherical dots, there is no biaxial strain inside InAs, and the V HH and V LH potentials of InAs are energetically lower (less favorable for holes) than the V LH of GaAs [see Fig. 4(b) ], so holes prefer to localize on the interface. However, as shown in Figs. 5(c) and 5(d), the biaxial strain inside the lens raises the V HH in InAs energetically higher (more favorable for holes) than the V LH in GaAs in the barrier, thus holes prefer to localize on V HH inside InAs rather than being trapped at the interface.
C. Wave functions of confined states
To assess the validity of the qualitative observations we made we studied the confined electron and hole levels and their wave functions using the atomistic pseudopotential methods. For InAs/ InSb QD's, a spherical dot with diameter= 5.6 nm, and a lens-shaped dot with baseϫ height = 10.4ϫ 2.6 nm have both only one electron state confined inside the dot and six hole states localized on the dot interface. For InAs/ GaAs QD's, a spherical dot with diameter = 13.6 nm, and a lens-shaped dot with dimension= 25 ϫ 3.5 nm dot have both more than 10 electron and 10 hole states confined inside the dot. For the spherical dots of T d atomistic symmetry, 16 one expects three degenerated electron P states that will be slightly split into a doublet and a singlet by spin-orbit interaction. For the lens-shaped dot of C 2v symmetry with inequivalent [110] and ͓110͔ directions (arising from atomistic considerations, even for a cylindrically shaped quantum dot), the doublet splits further into two singlet and no more degeneracy remains, other than the Kramers spin degeneracy that can be lifted by magnetic fields.
In Figs. 7 and 8, for lens shaped and spherical dots, respectively, we show the isosurfaces of the square of the wave functions for the first three hole states h 0 , h 1 , h 2 and the first three electron states e 0 , e 1 and [100] directions, for both type III InAs/ InSb and type I InAs/ GaAs QDs. This hole localization was suggested by the stain-modified band offset results of Sec. III B and is a consequence of the effect of biaxial strain on the first hole confining potential, as seen on the left of Fig. 3 . We further note that no hole localization at the interface was found in small spherical InAs/ GaAs dots with 4.2 nm diameter in Ref. 21 .
b. Wave functions in the lens. The wave functions of the lens-shaped InAs/ GaAs and InAs/ InSb dots are given in Fig. 8 for the first few electron and hole states in the same fashion they were shown for the sphere in Fig. 7 . The type I InAs/ GaAs flat lens shows localized states inside the nanostructure and, as was suggested by Fig. 3 , no hole localization at the interface is seen.
c. Wave function decomposition. To get more information about the detailed character of the confined states, we project again the single-particle eigenfunctions obtained from our pseudopotential calculations onto the HH, LH, and SO basis sets ͉J , J z ͘ and decompose them into their angular momentum components. For the InAs/ InSb dots, the weak confinement potential (compared to InAs/ GaAs) let the electron and hole states leak out of (for the electron) and leak in (for holes) the nanostructures making the analysis less conclusive. The results are therefore only shown for the InAs/ GaAs dots in Table II . For the spherical InAs/ GaAs dots the confined hole states have equal HH and LH characters due to the equivalence of the x, y, and z directions in T d symmetry, while in the lens-shaped dot, the confined hole states have dominantly HH character, as expected from the strained modified band offset analysis: the HH band is pushed up in energy through biaxial strain. The confined electron levels in the lens and the sphere have 85-92 % conduction band character and are dominated by a single angular momentum component (S , P , D, etc.). Similar results, with almost pure angular momentum character, are found for the hole states in lens-shaped InAs/ GaAs dots. However, the hole states in spherical InAs/ GaAs dots, which are confined at "the corners" of the interface along the [001], [010] , and [100] directions have mixed angular momentum components and Bloch function characters as listed in Table II .
IV. SUMMARY
We compared the shape effects (sphere vs lens) on tensile ͑InAs/ InSb͒ and compressive ͑InAs/ GaAs͒ matrixembedded QD's. Our results show that for the QD's, the biaxial strain, as a consequence of the dot shape, is a function of position, decaying with distance away from the interface. We further show that the position-dependent strain controls the HH, LH degeneracy, reverses their order inside and outside the dots, and leads to interfacial hole localization. For InAs/ InSb QD's, where the VBM of the barrier is higher than the VBM of the dots, interfacial hole localization is found for both spherical and lens-shaped dots. However, for type I InAs/ GaAs QD's, where the VBM of the barrier is lower than the VBM of the dots, interfacial hole localization is only found in the spherical and tall lens shaped dots while in flat lens-shaped dots, holes are confined inside the dot. Hole localization has obvious consequences on optical properties of the QD's, e.g., for type I systems, the interfacial hole localization will reduce optical activity and prolong exciton lifetime. Thus, for flat dots, with electron and hole states localized inside the nanostructure we expect strong oscillator strength typical of an S-S interband transition. With increasing dot height and aspect ratio we expect a reduced absorption and emission typical of S-P transitions. With the change of state-character we furthermore expect a change in polarization as a function of dot height. On the contrary, for type II quantum dots, interfacial hole localization will increase optical activity. For type III systems (e.g., InAs/ InSb QD's), hole localization at the interface may enhance the exciton binding energy and may lead to a novel excitonic ground state at certain dot sizes.
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